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"""lrlll'l ... /\ decllmrllsililln III' Ihe disrlacement ami slress lields III' a ceramic cllmrtlSite srecimen
suhjel'led t(, an "olr-a~is" compressive IIIadlllg .lIlows the simulatilln of CrlOCP and load rela~ation

hy inlcgrating ,I gcnl'rali/ed tWll·dimcnsional houndary v,lIul' rn'hlcm in tilllc. /\ continuum
arrroadt is used fill' the cl'mposilc nwdel. with Ihe matri.\ and liher heing dcscrihed hy nonlinear
Ma\well Iluid cllnstitutive relalions. Tlie tiher matri\ inlcrl;lI:e is descrihed ,IS an infinilely tliin
layer. in whicli a ('<'ulomh friction cl'nstitutive model is used for tlie traction displaccmcnt response.
This paper descrihcs a fundamcntally hascd lI1icrtlmcdlankal model in conjunction with several
tools rcquired for its SI,lution. illeluuinl( .In illcn:mental plasticity formulation .lI1d a singul •• r yield
sura<:c pn'vision th•• t utili/es proportion.1I stressing. Tlie resulting ,,'Iution predicts the e\istelll;e of
a steady-slate creep rale for the composite. which is a funl·tion of the liher orientation angle. the
stress e\p<1I1ent allli tlie fri<:tion cocllicient of the liher malri\ inferl:lee. Several cl1l1dusions arc
pn:senteu cOIll;erning the ahility of this methodology 10 assess tlie rheologic response "nd interfacial
mechanic.1I hehavior of ceramic composites at elevated temperatures.

I. INTROOUenON

The room temperature behavior of the tiber matrix interfal:e during inelastic deformations
ofceramic composites has been studied anulytically by Aveston el til. (1971) (ACK theory),
Budiansky 111 (/1. (19S6). Aboudi (19~9), Evans L'I al. (19~9). Achenbuch und Zhu (19H9)
and others. Micromechanil::t1 measurement tel:hniques. sUl:h as the tiber indentation test
[sec e.g. Marshall and Oliver (19X7)] have providl:d some limited quantitative information
regarding interfal:ial behavior. Measurement of the fral:ture properties through bulk com
posite deformation and a statistil:al correlation to interfacial propl:rties has been introduced
by Thoulcss t'l £II. (19~9). One drawback of thl:se ml:asurement techniques is the exper
imental errors introduced by rl:sidual stresses. test specimen geometry and free surface
el1i:cts, tiber bre:lbge, etl:.

Interface effects on the creep of metal matrix composites have been examined by
Dragone and Nix (1990), Goto and McLe:tn (1991 I, Brokenbrough ('( £II. (1991), Evans t't

£II. (1990) and others. The primary objl:ctive of these models is to predil:t the bulk composite
behavior based upon constitutive models of the matrix and intert~tce. We arc considering
the antithesis of this appro:lch for the 'Ipplication to ceramic composites. Specifie<dly, the
premisc of the prl:scl1t work is to <tn<tlytic:tlly examine thc role of interf:ll:e deform<ttions in
the bulk creep/load relaxation rl:sponse of a cl:ramic composite subjected to an off-axis
compressional loading. We thl:n usc this information to predkt the interfacial behavior of
the composite.

tCurrel1tly at IBM Systems Stor,,~e Product Division. Rochester. MN 55901. U.S./\.
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The modd developed for this purpose is summarized and discussed relative to using
the ideas for quantifying the interfacial mechanical behavior during high temperature
deformation. The predictions of the modd are compared to experimental results obtained
on a ceramic composite system where a calcium aluminosilicate matrix is reinforced with
continuous silicon carbide fibers (Chyung et al.. 1986): the experimental results are
described fully in Meyer et al. (1992a).

The generality of the composite rheology modd has been maintained in the interest of
extending these ideas to other materials and geometries. The two constitutive models being
used to illustrate the method for ceramic composites are a nonlinear Maxwell fluid for the
continuum elements of the composite (fiber and matrix). and a Coulomb friction idealization
for the tiber-matrix interface. The solution of the incremental boundary value problem
which incorporates these features has required the use of several analytical tools. including
a non-Newtonian bulk rheology in three-dimensions and a penalty method coupled with
an incremental plasticity formulation to account for the contact friction at the interface. In
addition. several developments were required to solve the composite problem. including a
deformation theory for solving the problem ofa singular yield surface and several numerical
procedures including a specialized time integration scheme [the numerical developments
are fully described in Mayer et al. (1992b)]. These features will be illustrated in the following
developments. after which the results and implications for the composite problem will be
discussed.

2. GENERAL AI'PROACII TO TilE COMPOSITE MODEL

[n order to correlate the mechanical response of the interface to the bulk composite
response. the concept ofequivalent homogeneity will be used (Christensen. 1979) to describe
the composite stress and deformation .It two distinct lengthscales, the mesoscale .lOd the
microscale. The mesoscale. with a length sc.l1e of the order of 10 liber diameters, remains
measur.lbly sm.1I1 with respect to the characteristic dimensions of the sample. The micro
scale. then, considers the stress and deformation Iiellis associated with a length scale of the
order of a single fiber; it is. however. sutliciently large such that the continuum hypothesis
is rational. In this work. the mesoscale is subdivided into some characteristic unit of
n.:prescl1tation. specilically the microscale. on which the stress and deformation analyses
me completed; the unit results arc then redefined in terms of the mesoscale.

The equivalent homogeneity concept is used to model the dlcct(s) of varying the tiber
orientation angle (relative to the applied compressive load) of a unidirectional. continuous
tiber-reinforced ceramic composite subjected to a compressive mesoscale stress at elevated
temperatures. as illustrated in Fig. I(a). Several assumptions concerning the mesoscale and

(0 )

(bl

~ I~ 2b .1

Fig. I. OtT-axis decomposition: (a) Compression specimen with the applied compressive loading
(IT".). (b) Unit-cell microscale model. The coordinate systems are shown corresponding to the

specimen (x.y.:) and the microscale model (x,.x,.x,).



Rheologil:al modeling of l:eramic composites 2565

microscalt: stress and deformation fields are required in order to employ a two-dimensional
analysis. The first assumption is that the mesoscale stress field is homogeneous: uncon
strained translation and,'or rotation of the compression specimen ends is permitted. This
assumption allows the microscale analysis to be done on an isolated single fiber. or on a
small group of fibers. at some arbitrary point along its (their) length. since the mesoscale
fields do not vary in the fiber direction. A microscale assumption. then. is that the composite
can be represented as two isotropic. distinct materials. the fiber and the matrix. separated
by an infinitesimally thin interface.

The assumption of a single unit-cell model as a characteristic unit of representation is
taken in this discussion [see Fig. I(b»). however the ideas developed here could be used on
any geometrically consistent group of fibers [see e.g. Brokenbrough et al. (1991)). With this
in mind. the developments that follow will retain a certain degree ofgenerality. thus allowing
for the possibility of differing geometrical models.

Considering the microscale analysis of Fig. I (b) (without loss of generality. set the
thickness t equal to unity). a separation of in-plane and out-of-plane deformations is
assumed.

(I)

where u, are displacements and the out-of-plane strain. f:)J. is not a function of the spatial
coordinates. Compatibility requirements for the mesoscale. along with the symmetry con
ditions apparent in Fig. I (b). can be stated as

(2)

where the /I~S are constants. Equilibrium will be s.ttisfied between the mesoscale and micro
scale stress fields in 'In average sense. by transforming the average mesoscale stress to a
coordinate system corresponding to the tiber orientation:

C'h} [~
0 0

-hCO:~'in"] r}F' = 111Jb b cos tp sin tp b(sin ~ tp -cos~ tp) ay,. == Tl11

11~~h bsin~tp - 2h cos lp sin tp bcos- tp a...:
aA h~ h2cos~ tp 2h~ cos tp sin cp b~sin~tp 11::.1.1

(3)

where F' is the local force vector associated with the common degrees of freedom. the
superscript A denotes the average of the surface tractions (t,) applied to the unit-cell. i.e.

r t 1 dSJr,
a'~1 =

2h

r t~ dS
~ Jr.a'" = _ ...._--
-- 2b'

(4)

and S denotes surface area. Equations (2) and (4) make up the boundary conditions for
the microscale model. Note that the natural and essential boundary conditions are of a
mixed form since the u~s of (2) and the traction distributions in (4) serve as the unknown
parameters.

Finally. the displacements from the microscale model must be transformed back to the
mesoscale coordinate system. The average strains are defined to be

$AS 29:20-J
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and are transformed back to the y-.: coordinate system to obtain.

(5)

I
0- 0 0

b

r}
"2 cos cp sin cp sin ~ cp

r}0 ~. __._._-~- cos~ cp

:~
sg == Sn "2b b == Tu'. (6)

Sy: sin ~ cp -cos~ cp - cos lp Sin cp
cos cp sin cp0

"2b bS:: SJJ

0
- "2 cos cp si n cp cos~ lp

sin~ lp~_._~-------

"2b b

where the boundary surface displacement requirements of (2) were used (considering the
first quadrant). One should notc that both equilibrium and continuity have been maintained
between thc microscalc and mesoscale using this decomposition. Additionally. this
decomposition reduces to the usual result for a homogeneous. isotropic material.

For completeness' sake. mention should be made concerning the separation of the in
and out-of-plane displacements [ef. eqn (1)1 for a fiber-reinforced material. An implicit
assumption is that the fiber aspect ratio is large with rcspect to the microscale. since the
end ctfects created by fiber sliding would become important if this were not the case. If
there were no tmctions developed on the interface (i.e. a perfectly smooth interface). the
assumption of (I) would dearly not be reasonable.

3. CONSTITUTIVE MODELS AND PROBLEM STATEMENT

To model the time-dependent rheologic response of the composite. a mechanical
constitutive theory is used. The continuum clements of the composite (i.e. the fiber and the
matrix) arc modeled as a nonlinear Maxwell fluid. which is a model often used to describe
the steady-state shearing response of metals and cemmics (Cannon and Langdon. f987).

(7)

where (j I ~ and I: 11 indicate stress and strain in pure shear. superscripts e and c denote elastic
and creep respectively. the superposed dot denotes the material time rate and ;. is an inverse
characteristic time. i.e. the ratio of the shear modulus G to some characteristic viscosity.
To generalize (7) to three-dimensions for an isotropic material (and small gradients in
displacement). an assumption relating to the direction of the creep strains is.

(8)

where Ct is a scalar and E and S arc the deviatoric strain and stress tensors. respectively.
Equation (8) is analogous to the Prandtl-Reuss associated flow rule using a von Mises yield
function (Hill. 1950).

By equating the plastic work of a gcneral. three-dimensional deformation with that of
pure shear. (7) and (8). along with the following definition of an effective stress:
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s= ~-.jT

allows the generalized deviatoric constitutive relation to be written as

Employing an assumption of elastic compressibility.

a= 3Ki

2561

(9)

(10)

(11)

where the tilde indicates the hydrostatic components and K is the elastic bulk modulus,
along with the deviatoric constitutive relation of (10) and the definitions ofdeviatoric stress
and strain. allows the total stress rate tensor to be written as.

, (3(t»)" S(t)
tU) = G(Vu(t) + Vu(tf)+ (K - jG) tr [Vu(t»)I- 2G). 2G set) . (12)

where small displacements (u) and small displacemcnt·gradicnts (Vu) are implied.
For un inter/ace constitutive law. there arc a number of fetttures that must be accounted

for if the full deformation behavior of a ceramic composite interface at an elevated tem
perature is to be considered. These features include (I) debonding in a mixed·mode loading.
(2) cavittttion (decohesion of the interface) for tensile normal tractions. (3) deformation
history dependence. (4) ratc-depcndent effects for the slip and shearing behavior. and
(5) the normal traction dependence of the shearing deformations. Perhaps the simplest
constitutive law which considers (2), (3) and (5). is Coulomb friction including interface
tensile opening. i.e.

t=O. for[u]·n~O. (13a. b)

where the [uB == ui_uJ (see Fig. 2). the normal n == ni (the outward pointing normal of
phase i). tractions are defined as t == e == T i

0 n'• t" = r' n', It,l is the Euclidean norm of the
tangential tractions on the surface. and the coefficient of friction Jl is assumed to be constant.
This constitutive law is implemented using an incremental plasticity formulation, thus a
dependence on the deformation history is also maintained. For simplicity, this constitutive
law is used in the ensuing analysis to describe the fiber-matrix interface behavior for the

Fig. 2. Vari'lhle definitions for the problem description. Here two contacting bodies n, and 0/ (with
prescribed traction and displacement conditions r. and r•. respectively). are separated by an

infinitesimally thin discontinuity lone with normal n.
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composite. even though it does not consider rate-dependent effects or debonding. The effects
of interface debonding are discussed further in Section 5.

With the constitutive laws of (I:!) and (13). the general boundary value problem of n
contacting bodies (0,. i = I. n; cI Fig. 2) can now be stated. The bodies are assumed to
be separated by infinitesimally thin interface regions. of which the tractions across these
regions are. in general. history dependent (as previously discussed. a rate form is appro
priate). For a quasistatic. small-displacement gradient. small-displacement formulation. the
problem can be stated as.

For each body n,. find a velocity iI,:!'!, -+ ~J. such that each iljEOj•

where OJ = {iliV 0 T +f = 0 on fi,.

iI = g on rg II .0,. toni = hon rhII n,.

[t] = 0 and [iI]' n ~ 0 on j_ t.i!'!' 11.0, iff[iI(r)] on dr = o}, (14)

where the stress derivative is defined in (12). the ii, are assumed to be sufficiently smooth
such that the required derivatives exist. the bar indicates the closure of the region. 9l J

indicates three-dimensional real sp'lce. r indicates the body force. r q is the surface over
which velocities are prescribed (see Fig. 2). r h is the surface over which traction rates are
prescribed. and outward pointing normals have been defined as positive. Using (13) the
interface tractions 'Ire formulated in terms of displacement jumps in the following section.

4. CONTACT FRICTION TREATMENT

The contact friction is treated using a nonassociated-llow-rulc plasticity formulation
with a penalty method for enforcing the infinitesimally thin character of the interface. This
development is for the non-opening interface. i.e. (I Ja) [( 13b) will be treated as a prescribed
zero-traction condition .It the end of this section]; the treatment is an extension of the work
by Plesha e/ al. (198lJ). Appendix A summarizes the development of the incremental theory.
Note that this treatment diners from that of Achenbach and Zhu (1989); they examined
the role of a finite interphase between the fiber and matrix by varying E< in the case of a
tensile loading perpendicular to the fiber direction. We arc using an infinitesimally thin
interphase.

One of the implicit assumptions for the incremental solution methodology derived in
Appendix A is that ofa well-defined yield surface and corresponding slip direction; specific
ally. the derivative of the slip potential given in (A.3) must exist (i.e. the yield surface
cannot be singular). The composites problem docs not satisfy this requirement for the
solution during the initial loading for the idealized Coulomb friction law of Fig. 3(a). To
illustrate this point. consider the unit-cell representation of Fig. I for a two-dimensional
loading case (cp = 90") with full bonding between the fiber and matrix and let the fiber and
matrix have identical elastic properties. With the appropriate transformations. it can be

(01 (bl

Fig. 3. Interface constitutive laws: (a) Perfect Coulomb friction. (b) Coulomb friction plus a cohesive
strength. c.
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shown that the normal and shear tractions along the interface are given by I" = -O'vvcos:! J
and I, =O'yvcos Jsin J. respectively (the angle J is defined in the inset of Fig. 6). Thus for
the idealized Coulomb friction. as illustrated in Fig. 3(a). the ratio - I,! I" = tan J provides
the minimum value of the friction coefficient that will prevent slip from occurring. Since
tan:J approaches infinity as :J approaches 900

, slip will occur for an infinitely small amount
of\oading.

It is clear that an analysis of the composites debonding problem would be formidable.
thus an idealization must be made in the constitutive relation as it pertains to debonding.
The approach pursued here is to simply ignore the debonding question completely for the
initial step loading of the composite. and use an idealized Coulomb friction model as
presented in (13) (Fig. 3(a». To avoid the singularity of the yield surface, one could
artificially redefine the yield surface with some unknown cohesive strength. as shown in Fig.
3(b). A computationally superior option would be to make the assumption of proportional
stressing. similar to that proposed by Hencky for associated plasticity (e.g. Chakrabarty
(1987)].

T(t) = cx(t)T. (15)

where (XU) is a scalar loading parameter. This approach is pursued here.
To develop a solution methodology. based upon the assumption of proportional

stressing. thnt is compatible with the incremental formulation of Appendix A. the governing
equations given in the incremental formulation are integrated as follows:

[ n (1If [n - (1If
Uu' = t\:'l - U u' = t\.~ ,

(,[ (I[

Combining (16;t) (1&:) to obt;tin.

1'"=0 and P=O-F=O.

(100. b)

(16c,d)

(17)

and requiring t to satisfy the yield criterion [i.e. (16d) for which F is given in (A4)]. gives,

(18)

Using the yield condition with (18), A is written in terms of relative displacement jumps,
and substituted back into (17) thus allowing the tractions to be written as a function of the
relative displacements,

t = E[u],

E" 0 0

0 - JtE"[II" ] 0where E= --T[;;]1- (19)

0 0 =!.t~~l/~~
l[ul~1

with I[u,]l indicating the Euclidean norm of the tangential displacement jumps. When
combined with the yield and separution conditions given in (13), the full constitutive law
for the deformation theory is written as.
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t=E<i>[u],

{

Ee
, [u]'n>O;F<O,

E<i> = E. [u]·n > O;F= 0,

O. [u]·n ~ O.

(20)

By neglecting the viscoelasticity term (i.e. a step loading function in time). (14) can also be
integrated in time, which. when coupled with (20), gives a nonlinear. displacement-based
equation; a numerical algorithm used for solving this equation is developed in Meyer et al.
(1992b).

5. SOLUTION METHODOLOGY

The solution of the unit-cell boundary value problem described above is approximated
by using a finite element discretization over the continuum and interface surfaces (Qiu et
al., 1991). The final form of the discretized equations is outlined in Appendix B. This
discretization is coupled with a Newton-Raphson algorithm for the initial solution [eqns
(20) and an integrated form of (14)J, and a radial corrector algorithm for the incremental
solution [eqns (A6) and (14)J.

The nonassociated flow rule of (AS) results in a boundary value problem which is not
self-adjoint, therefore the resulting stiffness matrix is nonsymmetric. Figure 4 illustrates the
profile of the stiffness matrix due to the effects of the houndary conditions given in (2). A
specialized equation solver which takes adv'lntage of the sparsity of the stiffness matrix was
devised (Meyer et al., I992h).

6. LOAD RELAXATION

By partitioning the stiffness matrix as illustr.tted in Fig. 4 and using the transformations
of (3) and (6), the discretized equations arc rewritten in terms of the mesoscale strains and
stresses,

(21 )

where d A and FA are the displacement and force vectors associated with the internal degrees
of freedom [c.f. eqns (I) and (2)J. One should note the lack of symmetry in the transformed
stiffness (i.e. the transformation matrices are unsymmetric). With this formulation, the
strain rate eyy can be prescribed in the simulation of load relaxation.

Fig. 4. Stiffness matri.l profile. The unsymmetric block KM corresponds to the general common
degrees of freedom; the other three blocks relate to the common degrees of freedom. i.e. f.,1). and

the u~ of eqn (2).
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7. RESULTS AND DISCUSSION

The modeling results presented in this section were obtained by discretizing the unit
cell problem of Fig. I(b) with quadratic elements as illustrated in Fig. 5. The solutions using
the iterative and time integration techniques described in Meyer et al. (1992b) were obtained
using the Astronautics Corporation of America Super-Mini Computer Ij; at the University
of Wisconsin-Madison.

The modeling results will be presented as follows. First. a case study is presented for
a Newtonian response (i.e. the stress exponent n = I). both for creep and load relaxation.
The effects of the fiber orientation angle and the friction coefficient are demonstrated using
material properties that resemble those of the SiC (Nicalon}-alkaline earth aluminosilicate
glass~eramic composite system. The Nicalon fiber is modeled as elastic [Le. ). = 0]. with
the properties of. Er = 97 GPa. \'r = 0.2. and the calcium aluminosilicate glass~eramic

matrix is modeled as a nonlinear Maxwell fluid (linear for n = I). with the initial elastic
properties of Em = 37 GPa. Vm= 0.34. The selection of these properties is discussed further
in Meyer et ul. (1992a). Following the study of the Newtonian response is an examination
of the etfect of the stress exponent for flow of the matrix. when varied from I to 3. Finally.
a sensitivity study is presented that explores the effects of changing the initial material
parameters.

To illustrate the stress field variations during the creep response of the composite
model without slip or separation. Fig. 6 contains the time history for the interface tractions
versus circumferential location. for a tiber orientation <lnglc of cp = 60'". One should note
that in the norm.1I pressure evolution the compressive tractions near the top of the fiber
increase in magnitude. as do the tensile tractions on the side, with a point ncar [} = 42°
remaining unchanged. The evolution .lIso indicates that a steady-state stress field is achieved.
Small pressure oscillations were observed (most notably the in-plane (XI. x~) shear, Fig.
6(b)) due to the clastic compressibility assumption of (II). which, in the case of the steady
state now, acts as an incompressible now constraint, giving rise to spurious pressure modes.
A reduced integration technique (constant pressures) on the quadratic triangles was used
(Cook et ul.• 1989) with an inter-clement averaging scheme for pressure smoothing along
the interface.

Figure 7 illustrates the same configuration as Fig. 6 for the case of a fully-dcbonded
tiber with a friction coefiicient of Jl = 0.1. In this case a region of opening exists (i.e.
cavitation), with the contacting region extending from :J = 0" to approximately [} = 50",
and receding during the time-dependent deformation to a steady-state value of 9 = 37°
(cavitation will be explored later). Also, as in the bonded case, regions of increase are noted
in the normal tractions. One should also be aware that the interface is in a condition of full

fig. S. A finite c1cment spatial discreti7.ation of Fig. I(b). Thc continuum and contact surface were
discreti7.cd using 82 quadratic trianglcs and 12 quadratic contact elements. corresponding to 630

dcgrccs of frccdom. Thc dimcnsions selectcd corrcspond to a volume fiber fraction of 30%.
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Fill. 6. The evolution of the interface tractions durinll cr~"l:p; a bonded interface condition (1/ = I,
Ip - 60', ~e text for material properties): (a) Normal tractions. (b) Shear tractions (in-plane x"
Xl; out-of-plane f1, Xj). Observe the increase in tensile: normal tractions near :J = 90 , and the
increase in the magnitude of the compressive normal tractions near :J = 0", Also apparent is the

eXistence of a steady-state stress lidd.

slip in the initial solution, and the condition ofP= 0 is satisfied during the entire simulation.
From Fig. 7. note the in-plane tractions. which were the same order of magnitude as the
out-of-plane tractions (t l ) for the bonded case. drop to only 20% of the out-of-plane
tractions for the debonded case: this indicates the ratio of the out-of-plane to the in-plane
compliance is very high. which is somewhat intuitive. Also. one should observe that the
tractions increase approximately 40% from the initial to the steady-state solution in the
debonded case. compared to only 20% for the bonded case. As a final remark, note the
time evolution of the in-plane tractions. with the final curves exhibiting maximums near
the ends. rather than a single maximum near the center.

The far-tiekl displacemcnts are summarizcd in Fig. 8 for thc conditions of Figs 6 and
7, with the three. steady-state strain rate values noted in the legend. First. one should note
that although thc stress fields ch.tnge substantially during crecp. the far-field displacement
values show only small changes during the time evolution; predicted deformation transients
arc very small. This behavior is somewhat intuitive ifthecompatibility constraints stipulated
in eqn (2) arc recalled. and also from Figs 6 and 7 in that the intcgral of the tractions
around the interface do not change substantially with time. Both of these factors act to
reduce the sensitivity of the far-field displacements to the time redistribution of the tractions.



Rheological modeling of cc:r.unic composites 2573

(0)

---- ...

1.5 .. "' ......... ~ ......

........
c
.2
U,g 1.0

'0
§
o

5
bt: 0.5

J

Creep Simulation
9'=60; 1-'=0.1; n= 1

-- ).t=O.
-- M=0.6
-- ..• - ).\-1.8
- - - - ).t=4.8
-- ).b·9.0

0.0 O"""'"................I,.';O~.............* ...................*O~......""""~..............~5,1;Ot-"-" .............";:\50

" (degrees)

( b)

0.15

..
o..
s;

~

~O.05

Creep Simulation
9'=60 ; 1-'=0.1; n= 1

-- ).t-O.
._-- M-0.6
-_ ... - M-1.8
- •• - ).t-4.8
-- ).t-9.0

50 50
" (degrees)

Fig. 7. The evolution of the interface tractions during creep; a fully debondcd inh:rfacc condition
IIl- 0.1. n "'" I. I{I "'" 60'1: (a) Normal tractions. (b) Shear tractions. A region of increase and a
region of decrease are present. with a cavitation region growing from :J = 50' to 9 = 37' at the

steady-state.

Figure 9 has been included to illustrate a case where the far field displacement transients
are more pronounced. namely for a bonded interface and a fiber orientation angle of
tp =90". A much stronger time.history effect is present than in Fig. 8. both in the longi
tudinal direction and in the direction of the fibers. The transverse strain rate (I:::) approaches
zero. as expected. since the elastic fiber constrains the matrix material from additional
deformation in the fiber direction.

If the interface deformation is to be ascertained with the modeling just prescribed. the
relationship of the far-Iield displacements and the fiber orientation angle (tp) must be ex
plored. The far-field displ.tcement-related quantity that seems most amenable for this study
(both anulytically and experimentally) is the steudy-state stmin mte. To illustrate. Figs 10(.1 c)
demonstrate the relationship between three steady-state strain rates (normalized by;.)
plotted us a function of the fiber orientation angle. for varying interface conditions. One
immediate observation is that the creep rates become more sensitive to the fiber orientation
angle as the friction cocl1lcient (Jl) decreases. Also. the strain rate is most sensitive to the
interface conditions between l' = 0.2 and 11 = 1.0 for a constant fiber orientation angle.
This result illustrates that. although the far-field displacements arc not sensitive to the
traction redistribution as previously discussed. they arc sensitive to the magnitude of the
shear tractions developed. which. in turn. are dependent upon the friction coel1lcicnt. The
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transverse and shear strains illustrated in Figs J()(h.c) are significant in that the final
spet:imen shape can hI.: prl.:didl.:d and t:orrdated with thl.: experimentally ohserved shape.
Olle should notl.: that thl.: magnitude of the predil:ted shear dist~)rtions arc much smalkr
than the 10llgitudilwl distorti~Hls. It should he further noted that the fully honded case is
Ilot the extremum as one may at lirst expect. The dilren:nl:e hetwccn fullliher honding and
~khondillgwith a large friction eoetlicient is the n:gion of tensile honding. <lpparcnt in Fig.
6 (discussed shortly).

Finally, to aid in correlating with experimental results, /;ig. lO(d) illustrates the longi
tudin<ll strain r~ltes normalized to the strain rates of the (p :;: 90' simulation. (This nor·
malization elimin<ltes the shear viscosity of the matrix, i.e. ;.. ) One interesting observation
is the change in the basic shape of the curves; for the bonded and low friction interface
conditions the extremum of the curves do not occur at the endpoints, in contrast to the
behavior for the high friction interfllCe conditions. The normalized strain rateS will be
discussed further in the non-Newtonian response present<ltion.

Another interesting feature of the creep simulations is the growth ofcavitation regions
surrounding the sides of the fiber. Figure 11 is a time evolution of the cavitation regions
forming during creep for II = I and fiber orientation angles of ifJ = 40° and 90'. The regions
continue to increase during the creep. with the cavitation region of the Ip = 90' case being
larger than the Ip =40) caSe. By comparing Figs lO(a) and II, it can be concluded that the
size of the cavitation at [) = 90 is

[u" IT - -I:.".h; (where h == unit cdl dimension). (22)

This relation has been used to quantify the amount of cavitation observed experimentally
in M~yer('{ al. (19l)2~1).

For IO~ld relaxation. th~ history dependence of the interface constitutive model requires
that th~ prior history he st~lted. e.g. a step loading. a steady-state creep established before
the relaxation. or some combination thereof. Figure 12(a) illustrates the real time behavior
for tiber orientation angles of II' :;: 60' ~ll1d 90 " with varying interface conditions, after
ste.ldy-state creep is achieved [II :;: I). Comparing with the pure matrix relax'ltion, a sig
nificant efrect of the interface condition and tiher orientation :ll1gle is observed. Figure 12(b)
illustrates the (/1'f'(/rt'lI{ stress exponent again for tp = 6()' and 90 '. For thc (p = 9()" fully
handed case the apparent stress cxponent is approximately 70% higher than for the matrix
only. The apparent stress exponent is only negligibly dilferent from the matrix value for
the low tiber orientation angks since the response is more sensitive to the matrix creeping
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Fig. II. An illustration of interface cavitation for two tiber orientation angles [n = l. II = 0.11.
normalized with respect to the tiber radius. The amount of cavitation is smaller for the <p = 40'
case. due to the in-plane stresses being lower and due to the slip dir~"Ction of the contacting region

being primarily out-of-plane (d. Fig. 6 and eqn (A4».

hehavior. Finally. it is .l1so observed that the apparent stress exponent approaches I as the
local stress rate decreases.

The sensitivity of the steady-state strain rate to the tiher orientation .tngle for a non
Newtonian matrix rheology is illustrated in Fig. 13 for three interface conditions and using
the normalized strain rate approach of Fig. 10(d). The sensitivity is quite dramatic for low
liber orientation angles and small amounts of interfacial friction. however for the high
friction coellicients and the fully bonded interface condition the stress exponent has only a
small effect. The load relaxation results are similar to those outlined for n = I ; as an example
the apparent stress exponent varies in the four cases illustrated above from 2.9 to 3.8 using
a matrix stress exponent of 3. The traction evolution is similar to those illustrated for n = I.

The model results presented using the steady-state creep rates are dependent upon six
independent quantities: the four initial material constants for the tiber and the matrix. the
stress exponent (n). and the friction coetllcient (II). It should be noted that a determination
of the initial material constants within the composite is ditlicult experimentally, and in
addition, a large degree of anisotropy is thought to exist within the tibers. Thus, any
sensitivity of the model to the selected material constants would be a very serious limitation
for assessing the interface and creep behavior. For this reason, a sensitivity study was
undertaken to ex.tmine the effects of changing each of the material parameters. For all four
material parameters. a vari'ltion of 25% produces less than a 1% change in the steady-state
creep rates of Fig. 10: however, as one would expect, a substantial change is observed in
the total strains. In addition, the change in the materi.11 parameters has a substantial effect
on the real time load relaxation behavior of Fig. 12(a), however. the apparent stress
exponents of Fig. 12(b) arc only slightly affected. These observations along with the
debonding discussion in Section 4 leud to the conclusion thut the steudy-stute creep rate
and the apparent stress exponent are the appropriate quantities for this analysis!

With the modeling sensitivities just presented. the determination of the interface
response using the method prescribed can be summarized by noting that the steady-state
strain rate dependence on the fiber orientation angle is a function of two intrinsic material
parameters. the coefficient offriction Il and the stress exponent n. By analysing the composite
behavior in creep and load relaxation tests. these two parameters can be determined. Thus,
the analysis just presented allows for not only quantifying the interface behavior, but also
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Fig. 12. A simulation ofload relaxation following steady-state creep (au:; initial compn:s.~jve stress
in y direction): (al Realtime. (b) Illustration of appurent stress exponent, n•. Figure (bl illustrates
that the libers with a bonded interface can have a significant impact on the measured stress exponent

for high tiber orientation angles.

it is useful for quantifying the in situ creeping behavior of the matrix material within the
composite!

8. EXPERIMENTAL CORRELATION

Figure 14 contains the experimental results for Meyer et al. (1992a), plotted with the
normalized analytical curves for four varying interface conditions and a stress exponent of
n = 3. The puissance of this method is apparent not only for assessing the interfacial
response but 4Ilso for assessing the creeping behavior of the context of the nonlinear
Maxwell nuid. CIc4lrly the interface is debonded (substantiated by microscopy work), and
furthermore it is apparent that the other extreme of frictionless sliding does not occur. The
slight discrepancy of the model for the fiber orientation angle of cp = 60° may be attributed
to the inability to fully facilitate translation of the specimen ends; this idea is discussed
further in Meyer et ai, (1992a).

Using a stress exponent of n = 3 (obtained from the experimental relaxation data), the
model predicts a friction coefficient of J.l = 0,7 at 1300°C and decreasing to 0.4 at I3IO°C.
Previous n4lnoindenter experiments on similar composite systems have resulted in values
from J.l = 0.1 to 1.0 (Bright et ai., 1989; Marshall and Oliver. 1987).
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Fig. 14. An e,perimental comparison from Meyer IN til. «(992a) (1/ = 3). The predictive ability of
the interface condition shlluld be noted. The comparison indicates the interface friction coellicicnt

to bc approximately II = 0.4 to 0.7. with a substantial temperature variation.

Several modilkations that may kad to an improved model with a more accurate
prediction of the creep .tnd relaxation behavior include: (1).10 improved constitutive modd
for the matrix (including a model for residual glass elli.:cts), (2) possible anisotropic response
of the composite due to f~tbrication (i.e. unidirectional pressing), and (3) a larger fiber
grouping model. such as a triangk packing model (Rrockenbrough ('I al., 1991). Lower
fiber ,lOgIcs could also be examined, however precautions should be taken to ensure a
homogeneous deformation of the fiber-matrix system [i.e. microfiber buckling could become
an important deformation mechanism in the composite as lp ..... O' (Steif, 19RR»).

9. CO~CLUSIONS

The solution of the creep/load relaxation behavior of a ceramic composite given a non
Newtonian rehology and a non-linear interface slip mechanism at the fiber-matrix interface
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has been solved through the use of a penalty method coupled with a deformation and
incremental plasticity theory. The results indicate that the interface mechanical behavior
can be evaluated in creep, load-relaxation tests on bulk composite specimens. With a proper
characterization of the constitutive parameters. the full interface behavior can be evaluated
at elevated temperatures.

A"knoll"",d<lemenlS-This work was carried out in the course of research sponsored by the U.S. Army Research
Otnce through its L'RI grant to the Engines Research Center at the University of Wisconsin-Madison.
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APPENDIX A

The formulation tirst assumes an additive decomposition of the incremental displacement jump. similar to
that found in S111all-disp(;lcement gradient plasticity.

(AI)

where the superS<.:ripts e .md s denote ehlstic and slip. respectively. Also. a linear relation between the traction
increment .md the el;lstic (penalizcd) part of the incremental displacemcnt jump is assumed.

i = E'[uJ'. (A2)

where E' is a di;lgonal matrix of penalty numbers which in the limit as E' - Xl would provide for full compatibility
without slipping or interpenetration along the interface.

A tinal postulate is made concerning the directional nature of the slip.
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[Ii]' ..10

iJH
1\

Ct

F < 0 or F < o.

F= 0 and F= O.
(A3)

where 1\ is a parameter with the units of displacement rate. H is the slip potential. and F is the slip function. which
in the case of three-dimensional Coulomb friction are (see Michalowski and Mrol (1978) and Curnier (1984»):

where I" and I" are two orthogonal tractions that are tangential to the interface (Fig. 3(all.
For the case of F = 0 and F= O. the traction increment can be written as

(A4)

[

('H (,TF j--E'
('1 ('I

where E= E' 1- cfF ,iJH
-E
('I i'l

(AS)

The full constitutive law can therefore be stated by combining (13). (A.2) and (AS):

I
E'

where E" - t.
o.

[u]- n > O;F < 0 or F< 0

[u]'n > O;F= Oand F= 0

[u]'n ~ O.

(AS)

where the total displacement jump [u] is the integral of the incremental displacement jumps over the time history.

APPENDIX 8

Equation (14) can IlC rewritten hy c(lOsidcring the we..k form for each of the continuum bodies and the
interfaces for some linite thickness (sec Fig. 2). integr'lling with res(X."Ct to time. and afler which summing over
..II hudies ami taking the limit ..s the interf;lce thickness approuches 'ero.

illjU; lI(w.iI)" ""+1'# -ci(w,t.iI) VweW

II(W.U)~Gt rVw:(Vu+Vuf)dV+(K-i(j)t r tr (Vw) tr(Vu)dV
j_ I j..j 1- I ).1,

ti(w. t, iI) '" .~, ,J,I ,n, [w~· E'r(l) 0 [iI~ dS

tn. '" .t, J"W.tdV+.to L.n,W'hdS

1'# = t r ~[j-J. ~w:SdV.-1 J.,.\ _G

W={well'lw=Oonr.1

U = (ilell'liI = Kon r.l

(BI)

where the impenetrability condition was dropped since the constitutive law is enforced using a penalty method.
and the set of velocity functions ii, have been e:\tended to the set of functions whose first derivatives are contained
within a Sobolov normed space (i.e. squ..re integrable derivatives). For the notation. the jump in the weighting
functions w is dc:lined as [w] = w' - w' and the traction is defined as I = TOil'.

An isoparametric linite element formulation using a Bubnov··Galerkin approach. allows (B.I) 10 be written
as

(B2)

with.

K= f,f,{2GBfB+(K-2nAfA}JdV.

K"(l~.l~.,)= f, MT(OE"(t~)+(I-O)E"(t ... ,)IM)dSo.

F = f, f, NTrJdVo+ f, NfhJdSo- f, f, {2GB:B.+(K- 2n8:8.}~JdVo

-f, M:{OE"(I~)+(I-O)E"(I~.,)}t1gJdSo. (B3)

$AS 29:20-K
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where the deviatoric stress vector (5), the shape function operators (8 and :\Il, and the Jacobian determinants (J)
are defined in Meyer t!t al. (1992bl. The form of the stiffness matrix is given in Fig. 4 where the full length rows
result from the common degrees of freedom given in eqns (I) and (2).


